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1. Basic notions of angle-action variables.

(a) Consider a test particle moving in a Hamiltonian H(q,p) where g and p are
canonically conjugate coordinates and momenta. Write down Hamilton’s equations for
q and p.

(b) Explain why orbits in smooth, inhomogeneous gravitational potentials are naturally
described using angle-action variables (6, J) rather than position-velocity (r,v). Use
angle-action coordinates to write down expressions for the Poisson bracket [g, h] and the
phase space volume element dq dp.

(c) Supposing H = Hy(J), write down an expression for the frequency £2(J). In a
static, non-rotating, spherically symmetric potential the natural action coordinates are
J = (J., L, L), where J, is the particle’s radial action, L is the norm of its specific
angular momentum, and L, is the z-component of that angular momentum. In this case
one can always write Ho(J,, L). What is {23 in this case? What is the physical significance
of this result? Sketch two orbits in a generic spherically symmetric potential (but not the
Keplerian or harmonic potentials), one with J,. > L and one with J, < L.

2. Bar-halo friction.

This question is taken from the 2023 exam.

(a) Consider two arbitrary smooth functions of angle-action coordinates, g(,.J) and
h(0,J). Using these coordinates write down the expression for the Poisson bracket [g, h].

(b) Let f be the distribution function of an ensemble of particles whose motion is
governed by the ‘mean field + perturbation’ Hamiltonian

H(O,J,t) = Hyo(J) + 690, J,t). (2.1)

The equation governing the evolution of f is
df _of
dt ot

Let f(0,J,t) = fo(J)+0f(0,J,t), where fo(J) is the unperturbed DF. Fourier expand-
ing the potential as 6@ = Y, 6@k (J,t) exp(ik - @) and similarly for ¢ f, where k € Z3,
assuming all perturbations are small, and assuming that §® is switched on at ¢ = 0 and

+[f,H] = 0. (2.2)
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that 6 fi(J,0) = 0, show that the linear response of the DF satisfies

5 fi(J,t) =ik - 8f° / A 5By (T, t')e Rt (2.3)

where you should define the frequency vector £2(J).

(¢) Consider a galaxy consisting of an initially spherically symmetric dark matter
halo, plus a rigidly rotating ‘bar’ of stars which is centred at the origin and which rotates
anticlockwise about the z axis. In the absence of the bar, the dynamics of a dark matter
particle is governed by the Hamiltonian Hy(J). Let the bar perturbation have potential
0. Each dark matter particle then moves in the time-dependent Hamiltonian H = Hy +
§9. Let the dark matter distribution function be f, normalized such that [d@dJf = 1.
Suitable angle-action coordinates for describing this system are

6= (eraewaecp), J = (JT‘)L7LZ)7 (24)

where in particular, J,. is the radial action, L is the specific angular momentum, and L,
is the z-component of specific angular momentum. Write down Hamilton’s equation for
the evolution of L,. Hence show that the total torque induced by the bar upon the halo,
per unit halo mass, is equal to

TW) = / a6d7 £(8, 7,1 200011 (2.5)
00,
Making the same expansions as in part (a), show that
T(t) = Zz(%)?’k@/dJ Sfr(J,1)6D%(J, 1), (2.6)

k

where k = (k,, ky, k) are integer vectors. You may quote the identity [ d@exp(ik-6) =
(2m)360.

(d) Let the bar rotate anticlockwise with fixed angular speed (2, > 0; then we can write
0Dx(J,t) = Wi (J) exp(—ik, (2pt). By combining this with equations (2.3) and (2.6), and
stating any further assumptions you make, show that in the limit ¢ — oo, the torque on
the dark matter halo reaches a steady-state value:

T == n(n)’ /dJ|¢/k|k 905 . 2~ k,0,). 2.7)
k

(e) Suppose fo(J) depends on J only through the mean field energy, i.e. fo = fo(E)
where E = Hy(J), and that dfy/dE < 0. Show that in this case T is positive definite.
What might this result imply about the long-term evolution of stellar bars? (You may
assume the bar has a positive moment of inertia.)

3. Linear response in homogeneous stellar systems.

The dimensionless response matrix of a stellar system is given by

M) = 2 Y far SR e ) (3.1)
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In this exercise, we set out to show that for homogeneous systems this response matrix
reduces to the dielectric function of plasma physics.

(a) Assume that the system is placed within a periodic 3D box of size L, and that the
mean potential vanishes, i.e. ¢y = 0, so that unperturbed trajectories are straight lines.
The system’s angle-action coordinates and the associated orbital frequencies are given
by

2m L 2m
0= f"", J = ﬁfv 2= T’U. (32)

The system’s instantaneous potential and DF are linked by
P(r) = /dr’dv’f(r’m’)@/}(r,r’), (3.3)
where ¢ (r, ') = —G/|r — r'| is the gravitational pairwise interaction. Making use of the

periodicity of the system and assuming (6, 0’) is translationally invariant, show that

G eip<(9—9/)
Lr = |p|

Using this, show that the response matrix becomes

L2 1 .

3.5
= PP | 39

where @ = (27) ! Lw.

(b) Assume that the system’s mean distribution function (DF) follows the Maxwellian
distribution:

_ £o —|wl|?/(202
fo(v) = We [oF/2e%), (3.6)

where pq is the system’s mean density, and o is the velocity dispersion. Show that in this
case

<1 (LY
Mo(w) =03 (1) 1+ 62(6)] 1)

where

w 1 o[> e [ o2
¢= m7 Z(Q) = ﬁ/_wduf_cv Ly= Gipo' (3.8)

What is the main difference between this expression for a self-gravitating system, and
the analogous one for an electrostatic plasma? What happens for a system with L > L;?
(Hint: write down the dispersion relation and then look for purely growing solutions
w = i for real 7).

4. Using Rostoker’s principle to derive the Balescu-Lenard equation.

Rostoker’s principle tells us that we can think of a secularly evolving plasma or stellar
system as a collection of N uncorrelated particles undergoing two-body encounters (a la
Chandrasekhar), provided we replace the bare Coulombic/Newtonian interaction i (r, r’)
of each two-body encounter with its dressed counterpart ). In this exercise we use this
principle to derive the BL equation in a short and simple way. Note we do not need to deal
explicitly with fluctuations here, so we drop the ‘0’ subscript on mean-field quantities.
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(a) (b)
J JHAT  J-AJ J

J' J'+AJ J' J'+AJ

F1GURE 1. Two possibilities for ‘scattering’ in action coordinates. A test star’s action changes
by AJ during an ‘encounter’ with a field star whose action changes from J' to J' 4+ AJ’.
The DF f(J) will be decremented if the test star is kicked out of state J (process (a)), but
will be incremented if it is kicked in to state J from J — AJ (process (b)). To write down a
master equation we must also account for the inverse processes (by reversing the directions of
the arrows).

4.1. Interaction of two stars via a dressed potential

Consider a ‘test’ star with coordinates (0, J) and a ‘field’ star with coordinates (6’, J').
Rostoker’s principle says that we can forget about all the other stars, and treat the
interaction of these two stars as if they were an isolated system with specific two-body
Hamiltonian (units of (velocity)?):

h=H(J)+HJ)+U%Y0,7J,0,J), (4.1)

where H(J) is the mean-field Hamiltonian. Here U4(8, J,0’,.J') is the dressed specific
potential energy between a particle at phase space location (6,J) and a particle at
(0", J"). (It consists of the usual Newtonian attraction plus collective effects; if we ignore
these then U — —Gm/|r — 7'|). Let us expand ¢ as a Fourier series in the angle
variables:

Y 40,J,0,J)=m> EOK O yd (7 T K - 2). (4.2)
kk’

Here g, (J,J', k' - £2') is the dressed potential interaction we derived in the lectures,
and we have put in the correct frequency dependence (w = k' - £2'), basically because we
know what the answer has to look like, but also because it is physically clear that these
are the only frequencies available to the system.

Treat the two-body interaction as a perturbation. To zeroth order in this perturbation
the test and field stars just follow their mean field trajectories @ = 6y + £2¢ and 6’ =
0, + £2't indefinitely. To first order, the result of their interaction is to nudge each other
to new actions J + 8J and J’ + 6J’ respectively. Show that

)ei(k:nfl—k:’{l/)T -1
ik -2k 2)
(4.3)

’

6'](007 J? 9(/)’ J/a T) =—-m Z ik @gkI(J, J/7 K - Q/) ei(k'eo_k/'eo
kk’

The result for 6J' is the same as (4.3) except we replace the first factor ik — —ik’.

4.2. The master equation

Following Rostoker, we consider the relaxation of our entire system to consist of nothing
more than an uncorrelated set of dressed two-body encounters. Then it is easy to write
down a master equation for the DF f(J). To do so, we account for (a) test stars being
nudged out of the state J and in to some new state J + AJ, as illustrated in Figure 1a,
and (b) test stars being nudged in to the state J from J — AJ, as in Figure 1b. Processes
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(a) and (b) are both deterministic and time-reversible, so we must also account for their
inverses, which would be represented by the same diagrams but with the arrows pointing
in the opposite direction.

Let the transition rate density be w(AJ, AJ'|J,J’). This quantity is defined such that
w(AT, AT'|J,J") dAJAAJ' T is the probability that a given test star with initial action
J is scattered to the volume of phase space dAJ around J + AJ, by a given field star
with action J’ that is itself scattered to the volume element dAJ’ around J’' + AJ’, in
a time interval 7 that is much longer than an orbital period but much shorter than the
relaxation time. Assuming the system’s equilibrium state is invariant under time reversal,
argue that f satisfies the master equation

3
ofJ) _ (2m)° / AT dATAAT’
ot m

x % [w(AT, ATV T FDFT) + F(T + AT+ AT
Fw(AT, AT T — AT, I)F(J — AD)F(I') — FI)FI + AJ')]} L (4.4)

By expanding the integrand for weak interactions, i.e. for AJ, AJ’ <« J,J’, up to second
order in small quantities, show that

ofJ) _ 9 / / nOf of
% =9 dJ’ [A f(J)8J+B f(J)ﬁJ’ . (4.5)
where A is a 3 x 3 matrix:
3 3
A, g = BT / AATAAT W(AT, AT\ T, J') AgAg = 2T (AT AT)e o )
2m 2m T

where (AJAJ), is the expectation value of AJAJ after a time interval 7 for a given
test star action J and field star action J'. What is the analogous expression for B?

4.3. The kinetic equation

Now we put the results of §4.1 and §4.2 together. Since by Jeans’ theorem stars are
uniformly distributed in the angle variables, we can calculate the expectation value
(AJAJ) by averaging over initial phases 0y, 6. Thus we have

/
<AJAJ>T = / (Si())S ((217?;)3 5'](007 J, e(l)v le T) 6‘](007 J, 0(1)7 J/7 T)v (47)

where 6J is given in equation (4.3). Plugging (4.7) and (4.3) in to (4.6) and taking the
limit 7 — oo show that

/ 600y > " " kquiy (J, I K - 2) 5, (T, q - )

kk’' qq’

m

A(J,J,) = m

i(k-2-K'-2)7 _ 1 oilg2-a"2)r _ 1

k-2-k 2 q2-q

« ei(k+a) 0o, —i(k'+a)-0, i [T—l ©
T—>00

(4.8)

Making use of the following two identities

Ve (J, ') = [0 _ (J,J)]*,  and lim [|e"7 —1|?/2%7] = 27d(x),  (4.9)

T—>00
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show that
A(J,J') = n(2m)3m Z kko(k-02—K - 2| (J, T K - 22 (4.10)
Kk’
The result for B is identical to (4.10) except we replace the factor kk with —kk'.

Putting the explicit formulae for A(J,J’) and B(J,J’) in to the kinetic equation (4.5),
recover the Balescu-Lenard equation:

af(") _ 9 . ! . N NA'e Y d I 0
o —7r(27r)3maJ kEka/dJ S(k- 02—k -2V (J, Tk - 2)
9 ;0 /
X (kz 57k -w,) F) ). (4.11)

5. Mass, energy and entropy.

Up to prefactors, the total mass, mean field energy and entropy of a stellar system are

M(t) = / A4J fo(J. 1), (5.1)
£0) = [ ATfo(7.0) Ho(). (5.2)
S(t) =~ [ ATl 0)n folJ.0) (5.3)

(a) Assume that the secular evolution is instead self-consistently driven by the
(collectively amplified) finite-N noise in the system, so that fy satisfies the Balescu-
Lenard kinetic equation (i.e. equation (4.11) for f — fo). Show that (i) dM/dt = 0, (ii)
d€/dt = 0 and (iii) dS/dt > 0, and comment upon your results. [You may assume the
symmetry [, (J, I w)|? = |, (I, J,w)|? for real w].

(b) Suppose there existed a distribution fo o< exp(—SHo(J)) for some constant 5 with
units of (velocity) 2. Compute dfy/0t as driven by the Balescu-Lenard equation in this
case, and comment, on your result.
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